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1 Abstract 

Many problems in geometry, topology and dynamical systems on surfaces lead to 
the study of closed surfaces endowed with a flat metric containing several cone-type 
singularities, that are called flat structures or translation surfaces. 

The first construction in the theory is that of a flat structure which is obtained from 
billiard on a rational polygon by unfolding it to a collection of polygons with gluings. 
That is, from a polygon P, we develop a polygonal system P, with sides identified by 
translation, to get a surface M = P / ~. The idea is to associate a closed, orientable 
surface to the billiard table which has the same geodesies (the billiard trajectories). 
Rational billiard determines a flat structure; however most of the flat structures are 
not obtained from billiards. 

Over the course of studying billiard dynamics, several questions were raised. One 
of the questions was, which surfaces satisfy the following property (which is called 
Veech's dichotomy): Any direction is either completely periodic or uniquely ergodic. 

In an important paper HVel Veech gave a sufficient condition for this dichotomy. 
He showed that if the stabilizer of a translation surface is a lattice in SL2OR), then 
the surface satisfies Veech's dichotomy. Later, Smillie and Weiss |SmWe| proved that 
this condition is not necessary. They constructed a translation surface which satisfies 
Veech's dichotomy but is not a lattice surface. Their construction was based on previ- 
ous work of Hubert and Schmidt !IHuSc2L by taking a branched cover over a lattice 
surface, where the branch locus is a single non-periodic connection point. 

In this work we tried to answer the following question: Is there a flat structure 
obtained from a billiard table that satisfies Veech's dichotomy, but its Veech group is 
not a lattice? In Theorem |4.5| we prove that in the entire list of possible candidates for 
such a construction, an example does not exist. 
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3 Background 

General references for translation surfaces and billiards are |MaTa|, |HuSc3]|, IVorl . 
3.1 Translation Surfaces 

Definition. A translation surface or flat structure is a finite union of Euclidean polygons 
{Pi, Pi, —, Pn) with identifications such that: 

1. The boundary of every polygon is oriented such that the polygon lies to the left. 

2. For every 1 < j < n, for every oriented side Sj of Pi there exists 1 < k < n and 
an oriented side of Pjt such that Sj and s^. are parallel, of the same length and 
of opposite orientation. They are glued together in the opposite orientation by 
a parallel translation. 

There is a finite set of points V, corresponding to the vertices of the polygons. The 
cone angle at a point in V is the sum of the angles at the corresponding points in the 
polygons Pj. For each point in V the total angle around the point is 2nk where k e IN. 
We say that a point is singular of multiplicity k if k > 1, otherwise it is called regular. We 
will denote by E = Lm the set of the singular points. 

If ~ denotes the equivalence relation coming from identification of sides then 
we define a closed oriented surface M = [J Pi/ -~ with a finite set of points Z, 
corresponding to the singular points of M. 

There is an equivalent definition of translation surfaces in terms of special atlases 
called translation atlases: A translation surface is a compact orientable surface with 
an atlas such that, away from finitely many points called singularities, all transition 
functions are translations. 

Proposition 3.1. /IVbrf Let Mbea translation surface, let k\, ki,... k m be the multiplicities of 
its singular points. Then 2g - 2 = -j(M) = Y^Liih ~ 1) where g is the genus ofM and ^(M) 
is the Euler characteristic ofM. 
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3.2 Relation to Billiards 

3.2.1 The Unfolding Process for Rational Billiards: 

We will describe the unfolding process, which gives the motivation to the following 
definition that describes the connection of billiards to translation surfaces. 

Let P be a rational polygon (all of whose angles are rational multiples of n). Given 
a billiard trajectory (that avoids the vertices) beginning at a side of P. Given a collision 
with a side we reflect the polygon along the side, obtaining a mirror image of the 
original polygon, on which the billiard now continues in its original direction, instead 
of reflecting off the side. Continuing this process, we obtain a straight line, passing 
copies of the polygon. Since P is a rational polygon, there are only finitely many 
possible angles of incidence of our trajectory with these copies. Thus, the billiard 
eventually exits a copy of the polygon in a side that is parallel with the initial side. We 
identify these sides by translation and continue this process, considering any unpaired 
side that the billiards meets as the new initial side. The result is a new polygon with 
various opposite sides identified (see FigureH). On this flat surface, the billiard moves 
along straight line segments, up to translation. 




Figure 1: The unfolding process of a triangle billiard table with angles (§/ §/ if ) 
the flat structure obtained - the octagon with parallel sides identified. 
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3.2.2 Rational billiard determines a translation surface: 

Let Ap be the group of motions of the plane generated by the reflections in the sides of 
P. It follows that every copy of P, involved in the unfolding, is the image of P under 
an element of the group Ap. The product of an even number of elements of this group 
preserves orientation while an odd number reverses it. To keep track of the direc- 
tions of billiard trajectories in P consider the group Gp that consists of the linear parts 
of the motions from Ap. This subgroup of the orthogonal group is generated by re- 
flections in the lines through the origin, which are parallel to the sides of the polygon P. 

Let P be a simply connected rational polygon with angles where and n, are 
coprime integers, and denote N - lcm{nj}. Then the group Gp is the dihedral group 
Dn with 2N elements (N reflections and N rotations), denote Gp - {gi,gi, ■ ■ -giN}- 
Consider 2N disjoint copies of P in the plane, and denote P^ - g^P , k - 1, 2, . . . , 2N. 
If gk preserves orientation, then orient Pjt clockwise, else orient Pjt counterclockwise. 
Now, paste their sides together pairwise: For each side e^ 1 of Pj^ paste the side e^ 2 of 
Pjt 2 such that Pfc 2 is obtained from P^ by reflection with respect to the side e^ 1 . After 
these pastings are made for all the sides of all the polygons, one obtains a translation 
surface Mp. 

Remark 3.2. The point in M corresponding to a vertex in P is the result of gluing 2n,- copies 
of the angle which sums up to an angle of2nm[. It follows that a vertex in P defines a 
regular point if and only if its angle is ^. 

Proposition 3.3. Let P be a rational polygon. IfN is even then -Id e Gp. 

Proof. Gp - Djv the dihedral group with 2N elements. The kernel of the determinant 
map on D N is an index two subgroup of rotations, which is generated by the rotation 
with angle ^. Hence, if N is even we have -Id eD N . □ 

We will call a rational angle with even denominator an even angle. 

Corollary 3.4. Let P be a rational polygon. If one of the angles in P is even or if there exist 
two external sides in P with an even angle between them, then -Id e Gp. 
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3.3 SL*(R) action, Aff(M) and Veech Groups 

Let SL* (R) denote the group of 2 X 2 matrices with determinant +1. Given any matrix 
A € SL* (R) and a translation surface M, we can get a new translation surface A-M by 
post composing the charts of M with A. The transition functions of AM are translations 
since they are the transition functions of M conjugated by A. 

Definition. Let M\ and M2 be translation surfaces. A homeomorphism / : M\ — > M2 
is called an isomorphism of flat structures if it maps the singular points of M\ to the 
singular points of M2 and is a translation in the local coordinates of M\ and M2. 

Definition. An affine diffeomorphism of a translation surface M is a homeomorphism 
/ : M — > M that maps singular points to singular points and is an affine map in the local 
coordinates of the atlas of M. This is equivalent to the fact that / is an isomorphism 
of the flat structures A-M and M, where A e SL* (R). A is called the linear part of the 
automorphism /. 

Denote by Aff(M) the affine automorphism group of M. Following the construction 
in §3.2.2 of flat structure Mp obtained from the billiard in polygon P, Gp C Aff(Mp), 
since for each gj e Gp, g/Mp = Mp. 

For example, one can easily see this action in Figure [TJ In this figure, we have the 
octagon, the surface Mp obtained from the billiard in the triangle P = (§, §, ^pj.Mp 
made up of all the translations of P by g e Gp, i.e. Mp - U^ Q g,P. Hence, Vg e Gp we 
have: gM P = g uJf Q gi P = ug,gfP = M P . 

Definition. The Veech group Tm of a flat structure M is the set of elements A e SL* (R) 
such that the flat structures A-M and M are isomorphic. 

The following property of Veech groups is well known - 

Proposition 3.5. Ym is a discrete and non-cocompact subgroup ofSL^ (R). 

We call a translation surface a lattice surface if Tm is a lattice in SL^ (R). If P is a 
polygon such that Mp is a lattice surface, we say that P has the lattice property. 

In view of the above, the Veech group Tm is the image of Aff(M) under the derivative 
map D : Aff(M) — > Tm- The derivative map has a finite kernel IIVeL For a translation 
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surface M, denote ker(D) by Trans(M). Therefore we have an exact sequence: 

1 — > Trans(M) -U Aff(M) -^-> T M — > 1 

There are translation surfaces with Trans(M) ^ {W}, for those surfaces we cannot iden- 
tify Aff(M) with T M . 

3.4 Veech's Dichotomy 

Fix a translation surface M. A starting point in M and an angle determine a trajectory. 
A trajectory which begins and ends at a singular point is called a saddle connection. A 
trajectory which does not hit singular points is called infinite. A direction in which all 
infinite trajectories are dense is said to be minimal. A direction in which all infinite 
trajectories are uniformly distributed is said to be uniquely ergodic. A direction in which 
all orbits are periodic or saddle connections is said to be completely periodic. Every 
periodic trajectory is contained in a maximal family of parallel periodic trajectories 
of the same period. If the surface is not a torus, then this family fills out a cylinder 
bounded by saddle connections. 



(c) 




(c) 

Figure 2: Cylinder decomposition of the regular octagon in the horizontal direction. 

Theorem 3.6. ftZKS , ftBKMS If there are no saddle connections in direction 9, then direction 
9 is minimal. 

Veech's dichotomy: A translation surface satisfies Veech's dichotomy if each direc- 
tion is either completely periodic or uniquely ergodic. 

Theorem. (Veech's theorem, /fVel/ ) Suppose that M is a lattice surface. Then M satisfies 
Veech's dichotomy. 
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In [CHM| there are definitions for different dichotomies of translation surfaces: 
A translation surface is said to satisfy topological dichotomy if for every direction - if 
there is a saddle connection in direction 9, then there is a cylinder decomposition of 
the surface in that direction. A translation surface is said to satisfy strict ergodicity if 
every minimal direction is uniquely ergodic. Lattice surfaces satisfy both topological 
dichotomy and strict ergodicity. 

3.5 Covers of Flat Structures 
3.5.1 Riemann-Hurwitz formula 

The Riemann-Hurwitz formula describes the relation between the Euler characteristics 
of two surfaces when one is a ramified covering of the other. 

Definition. The map n : M — > M is said to be ramified at a point p € M, if there exists 
a small neighborhood U of p, such that nip) has exactly one pre-image in U, but the 
image of any other point in U has exactly n > 1 pre-images in U. The number n is 
called the ramification index at p, also denoted by e p . The map n is said to be branched 
over a point z 6 M if n is ramified at a point of tt _1 (z). 

The degree of the map n : M — > M, denoted by d, is the number of pre-images of 
non-singular points in M (independent of the point). For an orientable surface M, the 
Euler characteristic x(M) is the number 2 - 2g, where g is the genus of M. In the case 
of an unramified covering map of surfaces n : M — > M that is surjective and of degree 
d, we get the formula: 



The Riemann-Hurwitz formula adds a correction for ramified covers. In calculating 
the Euler characteristic of M we notice the loss of e p — 1 copies of p above nip) (for 
more explanations see |Wiki|). Therefore the corrected formula for ramified covering 
is: 



X (M) = dxiM) 




peM 
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3.5.2 Translation covering 

Let M' = M \ Em- We say that a map n : M — > N gives a translation covering of N by M, 
if the restriction n : M! — > AT is such that ip o n o <p~ l are translations, where ip and <ft 
are the local coordinates of the atlases of N and M. Note that if a translation covering 
is ramified, it is ramified over singularities or marked points only. 

The following construction gives examples of covers of flat structures associated 
with billiards in polygons: Let P and Q be rational polygons such that P tiles Q by 
reflections. This means that Q is partitioned into a finite number of isometric copies 
of P. Each two are either disjoint, or have a common vertex or a common side, and if 
two of these polygons have a side in common, then they are symmetric with respect 
to this side. The construction in §3.2 associates with P and Q translation surfaces Mp 
and Mq. 

Proposition 3.7. ilVbrl/ The flat structure Mq covers Mp, possibly after adding to Mq or 
removing from Mp a certain number of removable singular points. 

Remark 3.8. Some observations: 

1. Let P and Q be polygons such that P tiles Q by reflections, then the branch points of the 
covering map n : Mq — > Mp can arise only from the vertices in P. 

2. One can see that the degree of the cover is d = & where n is the number of copies ofP 
in Q and m is the index of the subgroup Gq in Gp. 

3. Gq is a subgroup ofGp and by §3.2.2 Gq is also a dihedral group. Hence Gq must be 
one of the dihedral groups Dn ; , where N,- is a divisor ofN. 

Proposition 3.9. Suppose P and Q are polygons such that P tiles Q by reflections. 

1. Let zq € Mp be a point which corresponds to a vertex with angle in P with 
(m ,n ) = 1. 

2. yi 6 7z _1 (zo) c Mq, i = 1, . . . / the pre-images ofzo which corresponds to vertices with 
angles in Q. 

Then the cover n : Mq — > Mp will branch over zq if and only if there exists z'o such that 
k \ n . 
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Proof. The covering map n : Mq — > Mp will branch over a point zo € Mp if and 
only if the total angle around Zo £ Mp differs from the total angle around one of the 
pre-images 7i -1 (zo) € Mq. Following Remark 13.21 the total angle of Zq is Iwiqti, and 
the total angle of ti~ 1 {zq) is ^{hn^) 71 - Therefore, they are equal if and only if for all i, 
gcd(ki,n ) = ki <=> ki\n . □ 

Definition. A periodic point on a translation surface M is a point which has a finite 
orbit under the group Aff(M). 

In particular, since every cp £ Aff(M) maps singular points to singular points, and 
E is finite, any singular point of M is periodic. 

According |GJ1], recall that two groups T\, I2 c SL2OR) are commensurable, if there 
exists g e SL2QR) such that the group Ti n gT2g~ 1 has finite index in both Ti and gl^g -1 . 

Proposition 3.10. Worl JG/lf Let Mp and Mq be as above. Then Tm q is commensurable to 
the stabilizer in Tm p of the branch locus ofn. Thus, ifTj^p is a lattice in SL2(R), Tm q is fl 'so a 
lattice in SL2(R) if and only if the branching is over periodic points. 

Remark 3.11. The last proposition along with Lemma 4 in iHuSclV give us a test for non- 
periodicity of a point in a lattice surface: A point in a lattice surface M which irrationally 
splits the height of a cylinder ofM is a non-periodic point. 

3.6 The Converse to Veech's Theorem Does Not Hold 

In genus 2, McMullen showed that every surface which is not a lattice, does not satisfy 
Veech's dichotomy |Mcl|. In other words, if a surface is of genus 2, then it satisfies 
Veech's dichotomy if and only if its Veech group is a lattice. 

Theorem. ilSmWel/ There is aflat structure which satisfies Veech's dichotomy but its Veech 
group is not a lattice. 

This result relied on previous work of Hubert and Schmidt. In their work they 
defined the notion of a non-periodic connection point on a flat structure, and proved 
that for some surfaces there exist infinitely many non-periodic connection points. 

Definition. A nonsingular point p is a connection point of a translation surface M, if 
every geodesic emanating from a singularity passing through p, is a saddle connection. 
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Theorem. ftHuSrtV There are lattice surfaces of genus 2 and 3 containing infinitely many 
non-periodic connection points. If M is such a translation surface and M is a translation 
surface obtained by forming a cover of M branched only at non-periodic connection points, 
then M is not a lattice surface, yet has the property that any direction is either completely 
periodic or minimal. 

Weiss and Smillie show that provided the branching takes place over a single 
point (not necessarily a connection point), the minimal directions are uniquely er- 
godic. Thus, these surfaces satisfy Veech's dichotomy though their Veech groups are 
not lattices. 

Following the definitions in BCH M1, Smillie and Weiss show that a surface satis- 
fying both topological dichotomy and strict ergodicity need not be a lattice surface. 
The construction of Smillie and Weiss proves strict ergodicity for every cover over a 
lattice surface branched over one point. If the branch point is not a connection point, 
then the cover does not satisfy the topological dichotomy. This means that there are 
also examples that satisfy strict ergodicity and not topological dichotomy. 

By the Riemann-Hurwitz formula, one can show the smallest genus, for which the 
arguments of ]SmWe| work, is 5. If d - 2 and there is a single branch point, then the 
cover is ramified at one point with e p = 2, and the corresponding Riemann-Hurwitz 
formula is: x(M) = 2x(M) - 1. Since x(M) is even, this cannot occur. So take d > 3, 
and denote by g' the genus of M. We get: 

X (M) = dx(M)-Y J (ep-V 

peM 

Since E pe ^(ep - 1) > we get: 

d(2 - 2g) - (2 - 2g') = Yj?v ~ !) > => S' > 1 + d(g - 1) 

peM 

Hence, the smallest genus g' which satisfies the inequality is 5, which is obtained with 
g-2 and d = 3. 

Remark. We ignore the possibility of g - 1, since in that case, the cover is a square-tiled 
surface, and hence a lattice (see \G]2^ ). 
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4 The Main Result 

The Question I Explored : Is there a flat structure obtained from a billiard table 
that satisfies Veech's dichotomy, yet its Veech group is not a lattice? 

In order to find an example, we tried to follow the construction in [SmWeJ. There- 
fore, we will look for polygons P and Q such that: 

1. P has the lattice property. 

2. P tiles Q by reflections. 

3. The branched covering map n : Mq — > Mp is branched over a single non-periodic 
connection point. 

So far we can barely indicate connection points. However, the following propo- 
sition shows that Veech's dichotomy holds, even if we omit the requirement that the 
branch point will be a connection point. Following this result, we can expand our 
search to find a cover which is branched only over one non-periodic point. 

Definition 4.1. We say that a cover n : Mq — > Mp is an appropriate cover if: 

1. P be a lattice polygon. 

2. P tiles Q by reflections. 

3. The branched covering map n : Mq — > Mp is branched over a single non-periodic 
point. 

Proposition 4.2. Let P and Q be as above such that the cover n : Mq — > Mp is branched over 
a single point. If the branching is over a single point it satisfies Veech dichotomy. Moreover, 
if the point is non-periodic, it is not a lattice surface. 

Proof. We need to show that any direction in Mq is either completely periodic or 
uniquely ergodic. According to [SmWeJ, provided the branching is over a single 
point, the minimal directions are uniquely ergodic. Therefore, we need to prove that 
the remaining directions are either completely periodic or uniquely ergodic. 

According to Theorem |3.6l if a direction in Mq is not minimal, then there is a saddle 
connection in this direction. There are three types of saddle connections on Mq: 
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1. Those that project to a saddle connection on Mp. 

2. Those that project to a geodesic segment connecting p to itself. 

3. Those that project to a geodesic segment connecting p to a singularity. 

Notice that any completely periodic direction in Mp is a completely periodic direc- 
tion in Mq. Since Mp is a lattice surface, the first category of directions is completely 
periodic directions. The second category is obviously periodic directions in Mp. For 
the third category we have 2 possibilities: If it projects to a saddle connection on Mp, 
then it is also a periodic direction. Else, the direction must be minimal in Mp, hence 
uniquely ergodic in Mq. 

If the covering map n : Mq — > Mp is branched over a non-periodic point, then 
Proposition |3T0] implies that the polygon Q does not have the lattice property. □ 

Remark. In case p is a connection point, the Veech dichotomy on Mq permits a strong 
formulation: Mq satisfies strict ergodicity and topological dichotomy. In particular, the 
completely periodic directions are precisely the saddle connection directions. 

Corollary 4.3. An appropriate cover gives rise to a billiard polygon satisfying Veech's di- 
chotomy without the lattice property. 

4.1 List of all known lattice surfaces coming from polygons 

For the moment there is no classification of lattice polygons. The following list contains 
the known lattice polygons: 

1. Regular polygons flVel . 

2. Right triangles with angles (f , f , for n > 4 |Ve]|, llVorl MKeSmL 

3. Acute isoceles triangles with angles fj for n > 3 EE), ||Vor), | |GJ2| , 
IKeSml . 

4. Obtuse isosceles triangles with angles ^, ^"~^ n ) for n > 5 iTVell . 

5. Acute scalene triangles (f , f , ff ), (f , f , ff) and (f , f , f ) |S iKiSrKI 
respectively. 
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6. Obtuse triangles with angles s, ^|^) for n > 4 fVorl . flWrdl . 

7. Obtuse triangle with angles § , § ) llHoI 

8. L-shaped polygons (See IIMc2|| for a description). 

9. Bouw and Moller examples: (See |BM| for a description) 

. 4-gon with angles (s S i for n > 7 and odd. 

• 4-gon with angles -, -, ^^r^) for n > 5 and odd. 

10. Square-tiled polygons ]GJ1| . 

Remark 4.4. According to Proposition \3.10[ if P is a polygon which is tiled by one of the 
polygons P in the list, such that the covering map n : Mp — > Mp is branched only over periodic 
points, then P has the lattice property. 

Theorem 4.5. There is no appropriate cover n : Mq — > Mp with P in the list. 

In order to prove this theorem, we will follow the list in §4.1 and show in each case 
that there is no appropriate cover. For each polygon P, in the list we will check two 
kinds of appropriate covers. These two cases will be referred to as appropriate covers 
of the first and second class respectively. 

1. n : Mq — > Mp i where Pi is one of the polygons in the list above. 

2. 7i : Mq — > Mp where Mp covers M Pi as in Remark l4~4l 

Note that if all the points in the surface Mp corresponding to the vertices in P are 
periodic, we could not find an appropriate cover of neither kind. 
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5 Preliminary Lemmas 

Lemma 5.1. Let Mp and Mq be translation surfaces as in the construction in §3.5.2, such 
that n : Mq — > Mp is a branched covering map, where the branch locus is a single point 
zq e Mp. Then Zq is a fixed point o/Gq. 

Proof. As we mentioned in §3.3, Gq Q A&(Mq). Since Gq < Gp we have Gq c Aff(Mp). 
Then, for all g € Gq, we have the following diagram: 

Mq — > Mq 



71 
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Mp > Mp 

s 

Hence, the set of branch points in Mp is GQ-invariant. Therefore, if Zq € Mp is a single 
branch point, it is a fixed point of Gq. □ 

Remark 5.2. In fact, if we denote H - { h e Gp | /iMq = Mq}, fen £fe branch point must 
be a fixed point of the group (Gq,H). Moreover, if we want to branch over a single point 
zq <e Mp, which is not a fixed point ofh e Gp, then h Gq. 

Lemma 5.3. Let <p e Ajf(M) such that D<p e SL* (R) is elliptic or hyperbolic. Then <p has 
only a finite number of fixed points. 

Proof. Suppose by contradiction that <p has an infinite number of fixed points in M. 
Since M is compact, there exists a Cauchy sequence of fixed points: {x„}™ =1 c M \ Em, 
with <p(x n ) = x n for all n. In particular, for all 6 > 0, there exist n,m e N such that 

d(x„,x m ) < 5. 

M is compact, therefore we can cover M \ Em with finitely may sets {Uj} k i=l such 
that, for any x, y e Uj, there exists a geodesic from x to y. Let r be the distance such that 
if x, y e M with d(x, y) < r, then there exists one geodesic on M connecting between 
x and y of length less than r. The compactness of M implies that r can be chosen 
uniformly. Let K be a Lipschitz constant of <p, and A - D<p € SL* (R). 

Define 6o = There exist x no ,x m e Ui such that d(x„ ,x m ) < 6q. Lety : [0,1] — > M 
be the geodesic such that y(0) = x„ and y(l) = x m . There exists a map (Uj , ipi ) such 
that y c Uj and i/%(y) = v e R 2 . 
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Consider <p(y): 

- <p(y(0)) = <p(x, l0 ) = x„ = y(0) 

- <p(y(i)) = <P(*m ) = *m = 

- Vfi, f 2 £ [0, 1]: d ((p(y(fi), <p(y(f 2 )) < K ■ d (y(h), y(t z )) < K ■ d(x no , x m ) <K-5 <r, 

This implies that (p(y) = y. Since <p e Aff(M) with A - D<p we get ip a (<p(y)) - A ■ i/> a (y). 
Hence, we have: 

v = \p a (y) = i/>«(<p(y)) = A ■ \p a (y) - A - v 

Consequently, v is eigenvector of A. This is possible only if A is parabolic. 

A contradiction. □ 

Lemma 5.4. Let M be a translation surface and zq e M, and let a 6 Aff(M) such that 
o{zq) = zo and D(o) - -Id 6 Tm- Then zq is periodic. 

Proof. Denote A - [z £ M | 3y e Trans(M) such that yoz - z\. Trans(M) is finite and 
D(yo) — D(o) = -Id, hence by Lemma l53l A is finite. Let ip € Aff(M), we will show 
that i^(zo) e A, and since A is finite, the claim is obtained. Since D(o) — -Id, we get 
D(xpo) - D(\p)D(o) - D(o)D(ip) = D(a\p). Therefore there exists yo £ ker(D) such that 
ipo - yooip- Now, i/>(zo) = i/>(a(zo)) = yoai/>(zo) which implies that i/^(zo) £ A. □ 

Remark. Lemma |5T?1 improves Theorem 10 of [GHS]. Similar arguments show that the set 
of all the fixed points of all maps in Aff(M) with derivative -Id is Aff(M)-invariant. This set 
contains the set of Weierstrass points. Therefore, Theorem 10 o/ ilGHSI/ is obtained without the 
assumption that Aff{M) is generated by elliptic elements. 

The next corollary immediately follows from the previous lemmas. 

Corollary 5.5. Let Mp and Mq be translation surfaces as in the construction in §3.5.2, such 
that n : Mq — > Mp is a branched covering map, where the branch locus is a single point 
zq € Mp. If -Id € Gq, then zq is a periodic point. 

The following corollary is obtained from Corollary 13.41 and the last Corollary 15.51 

Corollary 5.6. Let P and Q be polygons such that P tiles Q by reflections. If Q has an even 
angle or if there exist two external sides with even angle between them, then n : Mq — > Mp is 
not an appropriate cover. 
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Lemma 5.7. The following points are non-periodic points: 

1. The points corresponding to the angle 2 in the surface obtained from the triangle with 
angles (f, 2n )' n>5 and odd. 

2. The points corresponding to the angle j in the surface obtained from the triangle with 
angles ff). 

3. The points corresponding to the angle 2 in the surface obtained from the triangle with 
angles (f,f,f). 

4. The points corresponding to the angles f and f m the surface obtained from the triangle 
with angles (f / f / if )■ 

5. The points corresponding to the angle j- in the surface obtained from the triangle with 
angles |, (2 " 2 ~ 3) " ) / n>5and odd. 

Proof. According to Remark |3.11[ we will show that these points irrationally split the 
height of a cylinder of the surface. If there are two points in Mp corresponding to the 
same angle in P, then both are periodic or both are non-periodic (since Gp c Aff(Mp) 
swaps these points). Therefore, it is sufficient to verify this condition for only one of 
the points. 

1. The surface Mp obtained from the triangle with angles (§, 7^, 2w ) n — ^ anc ^ 
odd,is the double regular n-gon with parallel sides identified (see Figure [3l 
surface 1). The points corresponding to the angle ^ are non-periodic. This result 
is not new (see llHuSclL Proposition 3). 

2. Denote the vertices of the triangle P with angles f , j and || by a, b and c respec- 
tively. Mp is a surface of genus 3 with one singular point which corresponds to 
the vertex c in P (see Figure HI surface 2). 

In order to calculate the height ratio we will look at the cylinder decomposition 
of the surface in the horizontal direction, and normalize one of the triangle sides 
to unity, as described in Figure 0] 

The following calculation were made: 
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5 PRELIMINARY LEMMAS 




1: Double pentagon, 
the surface for n=5 




2: The triangle (1/3, 1/4, 5/12) with the corresponding translation 
surface. Roman numbers indicate edge identification. The bold 
points are the same singular point of the surface. 




4: The triangle (1/3, 1/5, 7/15) with the 
corresponding translation surface. Roman 
numbers indicate edge identification. The bold 
points are the same singular point of the 
surface. 



Figure 3: The surfaces in Lemma [5^7| 
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h . . .71. VI 1 

— — = x => % = x ■ sin -) = — • - 

sm(f) 6 V3 2 

*L - JL 

'< V3 



Consequently, we get the irrational ratio: -4 = -^= £ Q. By Remark 13.111 any 



point corresponding to the angle ^ in P, is non-periodic. 

Remark. Additional examination showed that this point is a connection point. 

3. Denote the vertices of the triangle P with angles § and ^ by a, b and c re- 
spectively. Here Mp is a surface of genus 3 with 2 singular points, corresponding 
to the vertices a and c in P (see Figure surface 3). 

In order to calculate the height ratio we will look at the cylinder decomposition 
of the surface in the horizontal direction, and normalize one of the triangle sides 
to unity, as described in Figure |5j 

The following calculations were made: 

AB = 2-sin(|) = V3 ; IB = ^ ; h t = cos(|) = 1 e Q 

Therefore, according to Remark |3.11[ since hi € Q, it remains to show that h Q. 
We calculate h by comparing two different formulas for the area of triangle 
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5 PRELIMINARY LEMMAS 



2/9 



1/3 



' 4/9 





I- w 



Figure 5: Cylinder decomposition in the horizontal direction of the surface Mp ob- 
tained from P = p - calculations for the point corresponding to ^. 



A ABC as follows: 

- • h ■ AB = - ■ AB ■ AB • sin(B) 
2 2 y ' 



h = AB ■ sin(B) = V3 • sin(^) 



We will show h is a root of the polynomial 8x 3 -18x+9, whose roots are irrational. 
Using the trigonometric identity: 



3 sin x - sin 3x 



We get: 



sin x — 



3, n \ _ 3 • sin (f ) - sin (f ) 



srn^(-) 



Hence, by substituting in the polynomial above we get: 

8-( V3) 3 -sin 3 g)-18- V3-sin(^)+9 = 8-3- V3-i-(3 • sing) - sin(|))-18- Vising 

= 18- V3-sin^)-6- V3--^-18- V3-sin(^J + 9 = 

By the rational root test, if ^ e Q is a root of the polynomial above, than p \ 9 and 
q | 8, i.e. v - e {1, 3, |, |, |, |}. One can check that none of these rational numbers 
is a root of this polynomial, hence h g. Q. 
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4. Denote the vertices of the triangle P with angles and ^ by a, b and c 

respectively. Mp is a surface of genus 4, with one singular point corresponding 
to the vertex b in P (see Figure |H surface 4). 

First we will examine the points corresponding to the vertex c: 

In order to calculate the height ratio we will look at the cylinder decomposition 
of the surface in the horizontal direction, and normalize one of the triangle sides 
to unity, as described in Figure [6j 




A 



B 



C 

Figure 6: Cylinder decomposition in the horizontal direction of the surface Mp ob- 
tained from P = (tJ, y|) - calculations for the point corresponding to ^. 

Considering triangle C, we have: h\ = sin(^). We calculate h by comparing 
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5 PRELIMINARY LEMMAS 



two different formulas for the area 

' ■ (z ~ x) ■ smi^\ 



1 ii 

- ■ h ■ u = - ■ v 

n 2 



of triangle B as : 

p- ( 2 -*)-sin(%) 



i follows: 
ft = 



u 



(1) 

The lengths of z and y are calculated from within the initial triangle (f > f / if) as 

follows- 

sin (lf) 
— - ; y= 



follows: 
(2) 

The lengt 



z = 



sin(f) ' y sin(f) 

;le A as follows: 



;th of x is calculated from within triang] 

Mm 

are calculated from within triang] 

— ; w = (z - x) — 

sin(f) srn(f) 



The lengths of v and u 



gleB: 



v 



Substituting in Q} we get: 



. , Mm 

= {z-x) — 

Mi) 



h 



v . . . I7n\ sin(^) sin(f) , 7t ^ , ll7t v 
= — ■(z — x)- sm — = — ; — - -(z — x)- sin — = sin \-(z-x) = 

lis/ sin ( f ) sin (7|) lis; UoT 

sin (f) M , Hi)) . /H7iJsin(f) r f*n{%)) sin (ft) 

— 7^- (1 + fl) '— 7T^ = sm ho ' 



• ( Un \ 

sm • 

V 30 / 



Mi) )_ . /ii7i\[ sin (f) ( HW) Hi) ~ 

"sin(^)J" Sm l30i| sin ( f )-( + sin ^j\ in ^y 

■essions we get: - jq ^5 + ^75-30V5"J t Q. There- 
k 13.111 the points correspond to the angle f are non- 



After simplifying the expressions we get: = jq ^5 + ^ 
fore, according to Remark 13.111 the points correspond 
periodic points. 



Now, we will do the respective calculations for the points corresponding 
to the angle f , according to the markings in FigureO First, we will calculate the 
height h - (where is the height of the triangle A): 

3tt> 



h = hfi L = x - sin 
Where x is calculated as follows: 



Mi) Mm) 
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7/15 





19/30 



3/10 

2/3 Z 



Figure 7: Cylinder decomposition in the horizontal direction of the surface Mp ob- 
tained from P = \ %, p ^) - calculations for the point corresponding to §. 



Second, we calculate the height h\. As described in Figure[7|(i/ and z as in (0): 



h\ - hs + he where fog = (y + 1) • sin I — j and he - z ■ sin 




Therefore, the wanted ratio is = hv ^ c , which simplifies to: + V5) £ Q. 

5. The surface Mp obtained from the triangle P with angles^, -jj, ^jn^) n - 5 and 
odd, is illustrated in Figure |3] (surf ace 5). Since the points corresponding to the 
angle ^ are the centers of the regular n-gons, the same arguments as in the first 
part of the proof, imply that these points are non-periodic. 

□ 
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6 PROOF OF THEOREM 4.5 



6 Proof of Theorem 4.5 

Some notations: 

• Np, Nq - The least common multiples of the denominators of the angles in P and 
Q respectively. 

• Mp, Mq - The surfaces obtained from billiard in P and Q respectively. 

1. P is a regular polygon: 

In this case all the vertices are singular points of the surface, and thus periodic. 
Since we want a single non-periodic branching point, there is no appropriate 
cover. 

2. P is a right triangle with angles (n ~^ n , j ), n > 4. 

a) If n is even: Mp is the regular n-gon with parallel sides identified (see Figure 
[8]). All the points in Mp corresponding to vertices in P are periodic. This 



Figure 8: The octagon - Mp for n=8 

result is not new (see |GHS|, Corollary 9), but we will show another proof: 
All the points in Mp corresponding to the vertices in P are fixed points of 
a rotation by n. Hence, by Lemma [5741 these are all periodic points. Since 
we want a single non-periodic branch point, there is no appropriate cover. 

b) If n is odd: Mp is the double regular n-gon with parallel sides identified 
(see Figure |3l surface 1). Mp has one singular point corresponding to the 
angle 2n ^ P- According to Lemma 15.41 the midpoints of the sides of 
Mp (the points corresponding to the angle j) are periodic points, since 
they are fixed points of the rotation by n. Following Lemma [5. 71 the two 
centers of Mp, which correspond to the angle ^, are non-periodic points. 
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Therefore, when we look for an appropriate cover, we actually look for a 
surface branched over one of the centers of Mp. 

(*) Notice that, considering Remark |5.2j since these centers are not fixed 
points of the reflections with respect to the sides of the regular n-gons, these 
reflections should not be in Gq. Therefore, for an appropriate cover, these 
sides must be internal in Q. 

In the beginning, we will consider the first class of appropriate covers (as 
mentioned in page 12), i.e. a branched cover n : Mq — > Mp, where the 
branch locus is a single non-periodic point in Mp, meaning one of the 
centers of Mp. First, according to Corollary 15.61 for such a cover Nq must 
be odd. Second, we want that the singular point, which is a periodic point, 
to be a regular point of the cover. Hence, following Lemma 13.91 all the 
angles of the vertices in Q, which correspond to the angle , (n is odd 
=> (n - 2, In) = 1) must be k ■ < 2n with k\2n. 

- k ■ 2n < 2n implies k e {1,2, ...,5} for n > 7 and odd, and k e 
{1,2,... ,6} for n = 5. 

- The requirement for odd Nq forces k to be even. Hence k e {2,4} for 
n > 7 and odd, and k e {2, 4, 6} for n = 5. 

- Finally, the requirement k \ In reduces the possibilities to k — 2. 

(*) Consequently, each angle 2 • in Q must be delimited by 2 external 
sides (since we cannot expand it). 

We will start constructing a polygon Q, under all the requirements above, 
step by step, as described in Figure[9l Step 1: Without loss of generality, we 
start with triangle number 1. The broken line indicates a side that must be 
internal according to (★). Therefore we add triangle number 2. Following 
(*) we add the bold lines which indicate external sides. Since the polygon 
in this step (triangles 1 and 2) determines a lattice surface (number 4 in 
the list), we need to enlarge Q and continuing to the next step. Step 2: 
Without loss of generality we add triangle number 3. Step 3: Again, as 
in step 1, the broken line indicates a side that has to be internal, therefore 
we add triangle number 4. By (*) we add the bold lines as in step 1. Now, 
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step 2 




Figure 9: Steps of the construction of Q 



since all sides are external, the construction is complete. According to 
Proposition l3.9t the cover n : Mq — > Mp, which corresponds to this polygon 
Q, is branched over two different points corresponding to the centers of Mp. 
Therefore, there is no such appropriate cover. 

Up to this point, we have shown that there is no appropriate cover of the 
first class. Next, we will examine the possibility of finding an appropriate 
cover of the second class. Therefore, we will look for: 



branched over a single non-periodic point. 
(♦) Notice that: 

- If P has an angle a > n, then any such polygon Q, must have this angle 
a as well. Therefore, If P has an even angle greater than n, according 
to Corollary 15.61 it will not yield an appropriate cover. 

- If P has two external sides with an angle greater than n between them, 
then any such polygon Q, must have these external sides as well. 
Therefore, If these sides are the sides of the regular n-gon, according to 
(★) it will not yield an appropriate cover. 




• A polygon Q tiled by P such that the covering map n : Mq — > Mp is 
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As we mentioned before, except for the centers of Mp, all the points corre- 
sponding to the vertices in P, are periodic points of Mp. Following Propo- 
sition 13.91 branching over a point corresponding to an angle ^ implies P 
has an angle 3p . In that case, since 3p > n, any polygon Q which is tiled 
by P, will have this angle as well. Consequently, Nq will be even and by 
Corollary 15.61 it will not be an appropriate cover. Therefore, if there exists 
an appropriate cover of the second class, then Mp will branch only over the 
singular point of Mp. According to Proposition 13.91 a branching over the 
singular point of Mp will occur if and only if P has an angle k ■ < 2n 
with k In. Therefore, we need to check the following possibilities for 
appearance of an angle k ■ in P: 

- k e {3,4,6} for n = 5. 

- k € {3, 4, 5} forn = 7. 

- k € {4, 5} for ft = 9. 
-ke{3,4} for n > 11 and 3 \ n. 

- k = 4 for n > 11 and 3 | n. 

The case of n = 5 will be examined in the sequel. 

For n > 7 and odd, the angle k ■ '-^n with k = 3, 5 is even and greater than 
n. Hence, following (♦) it will not give an appropriate cover. Therefore, 
for n > 7 and odd, it remains to check the possibility for an angle 4 • 1J ^n 
in P. Such an angle can appear in P in two ways, as shown in Figure [10] 
(the bold lines indicate external sides for P). Following (♦), the left option 
in the figure cannot occur since 4 • > n, and the bold lines are sides of 
the regular n-gon. 




Figure 10: Two options to start the construction of P with the angle 4 • t j^ L n 
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It remains to check if it is possible to construct suitable P and Q, beginning 
with the right option in Figure [lOl We will start the construction under the 
requirements, step by step, as described in Figure HU 



a 




Figure 11: Constructing P 

Step 1: According to Froposition |3.9l in order to prevent a branching over 
a non-periodic point, we need to fix the angle at the vertex a. Therefore 
we add triangle number 1. Step 2: Following (♦), since the angle of the 
vertex b is even and greater than n, we need to fix that angle by adding 
triangle number 2. Step 3: As in step 1, we fix the angle at vertex c by 
adding triangle number 3. Step 4: Since the angle 3 • of vertex d is 
even and greater than n, according to (♦), we have to enlarge it to 4 • ^ 
by adding triangle number 4. 

According to Propositions I3.9l and l3.10[ the polygon in the last step has the 
lattice property if and only if 3 | n. In that case, we will try to construct 
a suitable polygon Q tiled by this polygon. Without loss of generality, 
we reflect P in the broken line as described in Figure [T21 Consequently, 
according to Remark 13.21 Q have 2 singular vertices, v and u, with angles 
22 and ^ respectively. These vertices are corresponding to the two centers 
in Mp. Since we cannot fix these angles by reflecting P again (as can be 
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shown in the figure), by Proposition |3.9t the respective cover will have two 
branch points corresponding to the two centers of Mp. Hence, it will not 
be an appropriate cover. Therefore, we will try expand the construction of 
P after the last step in order to find an appropriate cover. 




Figure 12: Q tiled by reflections of P 

The continuing of the construction is described in Figure HH Step V. With- 
out loss of generality, we add triangle number 5. Following the arguments 
in (♦), we must add triangle number 6. Step 2: According to Remark 
13.21 this polygon has 2 singular vertices corresponding to the two centers 
in Mp, a and b, with angles 2s anc l M. respectively. Therefore, according to 
Proposition [3T9J a surface obtained from this polygon will have 2 different 
non-periodic branch points corresponding to the centers of Mp. Hence, we 
must fix these angles by adding triangles number 7 and 8. By (♦), in that 
case, it cannot yield an appropriate cover. 




Figure 13: Continuing the construction of P 
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Up to this point we have shown that for any n > 7 and odd, there is no 
appropriate cover. It remains to check the case of n = 5. According to 
Proposition l3.9[ since we want Mj to branch over periodic points in Mp, all 
the vertices in P corresponding to the angle ^, have to appear with angles 
j, n or In. (*) 

Since we are interested in a polygon Q, tiled by P, such that Mq is branched 
over a single non-periodic point, we must have a vertex with angle ^ in P. 
Hence, we start the construction with triangle number 1 with two external 
sides (as described in Figure IM]). The following steps were taken: 
Step 1: The only way to continue is by adding triangle number 2 with an 
external side. This side must be external, otherwise, adding a triangle to 
the left of triangle 2, leads to an angle of 3p . As explained before, such an 
angle cannot appear in P. Since the sides of triangle number 1 are external, 
we cannot enlarge it to 2n. The polygon in this step (triangles 1 and 2) 
determines a lattice surface which we treated in the first part of this section 
(case 2b, appropriate cover of the first class). Hence we need to enlarge Q 
and continue to the next step. Step 2: Adding triangle number 3. Step 
3: Following (*), we need to fix the angle ^ of vertex a. The only way to 
do it, is by enlarging it to n by adding triangles 4, 5 and 6. 




Figure 14: The constructing of P 

Consequently, any suitable P must contain the last shape in Figure HU We 
will show that for any such polygon P, we cannot find a polygon Q tiled 
by P that would yield an appropriate cover. 

We have started the construction of P with an angle ^ in order to multiply 
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this angle to be ^ with k > 1 and (k, 5) = 1 in Q. That is, for having the 
wanted branching of the cover n : Mq — > M„. Hence, to find a suitable 
polygon Q, we have to reflect with respect to at least one of the sides of 
that angle. We describes two possible reflections in Figure [TH The first 
reflection cannot occur, since in this case we get two external sides, A and 
B, that must be internal according to (★). 




I 
I 

I 



Figure 15: Constructing from P for n=5 

To show that the second reflection cannot occur as well, we will first explain 
why the side of triangle number 6 must be external in P. The reflection with 
respect to the vertical direction multiplies the angle of the lower vertex of 
triangle 6. Therefore, if this side is internal, the angle of vertex a in P must 
be 2 • or 3 • jq. We will examine these options as described in Figure [16] 

- If the angle is 2 • according to Proposition 13.91 with P playing the 
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role of P and mo - 3, no - 5, the reflection with respect to the vertical 
direction will cause a branching of the cover n : Mq — > M-p over the 
singular point that corresponds to this vertex. Therefore, it will not 
yield an appropriate cover. 

- If the angle is 3 • j^j, such a reflection will cause two external sides of 
the regular n-gon. Following (★), it will not give an appropriate cover. 



I 
I 




i 



Figure 16: The side in triangle number 6 has to be external in P 

Hence, the angle of vertex a must be i.e. the side of triangle number 6 
must be external in P. This implies an external side in triangle number 5 as 
well, as illustrated in the left of Figure IPTl 

Up to this point, we have shown that P must contain the polygon in the left 
of Figure [l7l We also showed that in order to find a suitable polygon Q, we 
must reflect P with respect to line A. According to (★), we must to reflect 
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with respect to line B as well. These two reflections multiply the angle of 
vertex a by 3. By Proposition |3.9l it will cause a branching over the singular 
point in Mp. Therefore, also for n - 5, we cannot find an appropriate cover. 




Figure 17: There is no appropriate polygon 



3. P is an acute isoceles triangle with angles (^~/ (n ~^ n i f )/ n >3. 

Mp is the regular 2n-gon with parallel sides identified. As in case 2(a), all the 
points corresponding to vertices in P are periodic. Hence, there is no appropriate 
cover. 

4. P is an obtuse isosceles triangle with angles 0%, 2, ( "~ 2>7T ), n > 5. 

a) If n is even: The surface obtained from the billiard in P is a regular double 
cover (without branching) of the surface in 2(a), i.e. double 2n-gon (see 
Figure H8l). Therefore, if there is an appropriate branched cover of Mp, it 
will be an appropriate one for the surface in 2(a), for which we proved there 
is no such cover. 

b) If n is odd: The surface obtained from the billiard in P is the same surface 
as in 2(b). Therefore there is no appropriate cover. 

5. a) P is the acute scalene triangle with angles (|, |, 

Denote the vertices of P by a, b and c as in the proof of Lemma [5^71 Mp is a 
surface of genus 3 with one singular point corresponding to the vertex c in 
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Figure 18: The double octagon, Mp for n=8 

P (see Figure 13 surface 2). Therefore, if there exists an appropriate cover, 
the branching must be over a regular point corresponding to a vertex a or b. 
According to Proposition |3.9l if the branch point corresponds to a vertex b, 
then Nq is even. In that case, according to Corollary 15.61 we cannot find an 
appropriate cover. Therefore, we should examine only the first option: The 
branch point corresponding to a vertex a. In this case, Lemma |5Tl implies 
that Gq must be isomorphic to D3 (the only dihedral subgroup of Gp that 
fixes these points). Therefore, all the vertices in Q must be of the form 
In particular, this requirement implies that every angle of a vertex c must 
be multiplied by 4, and every angle of a vertex b must be canceled, i.e. 
multiplied by 4 or 8. (★) 

There are 2 possibilities for gluing together 4 vertices of type c by reflections 
(see Figure HU). The bold lines indicate exterior sides of the polygon (since 
we cannot expand the angle according to (★)). 




Figure 19: Two options gluing together 4 triangles in vertex c 
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First we will show that the left option in Figure [19] cannot be contained 

in Q. We will start constructing Q with these four triangles, step by step, 
under above requirements. 




Figure 20: Steps of the construction of Q. 

Step 1: Canceling the angles of vertices b. Step 2: Multiplying the angles 
of vertices c by 4. Step 3: Canceling the angles of the vertices b. Step 4: 
The broken lines form an even angle with the exterior bold line. Following 
Corollary 15.61 these sides must be internal. Therefore, we have to add 
triangles number 1 and 2. 

At this point, the polygon contains another 4 triangles as those we began 
with (at the bottom). Retracing the same steps, we will get infinitely many 
triangles at Q. Since we are interested in a finite cover of Mp, this cannot 
yield an appropriate cover. Therefore, the left option in Figure [19] is not 
contained in Q. 
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Now, we will show that the right option in Figure|l9l cannot be contained 
in Q as well. Again, we will begin constructing Q with these four triangles. 
The following steps describe the construction of Q (see Figure 121). 




Figure 21: Steps of the construction of Q. 

Steps 1 and 2: All the broken lines form an even angle with one of the 
exterior bold lines. Therefore, by Corollary l5.6[ these sides must be internal. 
Step 3: Adding triangles in order to multiply the angles of vertices c by 4. 
This is the only way to do that, since we have shown that the left option 
cannot be contained in Q. At that point, according to Fropositions l3.9| and 
13.101 this polygon determines a lattice surface, hence we need to enlarge Q. 
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Step 4: Without loss of generality, we added triangles at one of the vertices 

b. As we required before, at each vertex b there are 4 or 8 triangles glued 
together. Therefore we added 4 triangles. Step 5: Consequently, we have 
3 vertices of type a, in each we have an angle ^ . The corresponding points 
to these vertices, are different points in Mp. According to Proposition 13.91 
since we are interested in covers with a single branch point, we have to 
correct at least two of the angles of these vertices to n. Without loss of 
generality, we start with vertex a\ by adding triangle number 1. Step 6: 
Canceling the angle of vertex b by adding triangles number 2, 3 and 4. In 
the last step of the construction, we got 2 broken bold lines that form an 
even angle of j between them. Hence, according to Corollary l5.6l it will not 
yield an appropriate cover. 

Up to this point we have shown that there is no appropriate cover of the first 
class (as mentioned in page 12). Now, we will examine the possibility of 
finding an appropriate cover of the second class. According to Proposition 
13.91 if the cover n : Mj — > Mq is branched over a point corresponding to 
a vertex b in P, then P has one of the following angles: ^f, *r = 3?, • 
For each of these possibilities, any polygon Q which is tiled by reflections 
of P, must have an even angle. Following Corollary 15.61 it will not yield 
an appropriate cover. Therefore, by Lemma 15.71 it remains to check the 
possibility for an appropriate cover, when the cover n : M-p — > Mq is 
branched over the singular point. According to Proposition 13.91 such a 
branching will occur if and only if there will be an angle k ■ §S with k \ 12. 
Since for any such k, k ■ l| > 2n, there is no such a cover. 

b) P is the acute scalene triangle with angles f 2, |, r^j. 

Denote the vertices of P by a, b and c as in the proof of Lemma 15.71 Mp 
is a surface of genus 4 with one singular point corresponding to vertex b 
(see Figure surface 4). Therefore, if there exists an appropriate cover, 
the branching must be over a regular point corresponding to a vertex a or 

c. In these cases, Lemma 15.11 implies that Gq must be isomorphic to D3 or 
D5 respectively (the dihedral subgroups of Gp that fix the corresponding 
points in Mp). The first option cannot occur since Gq = D3 implies that all 
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the denominators of the angles in Q are 3, and 5 • ^ > 2n. Therefore we 
should examine only the second option: The branch point corresponding 
to a vertex c. In that case Gq = D5. Therefore, all the vertices in Q must be 
of the form ^ . In particular, this requirement implies that every angle of 
a vertex b must be multiplied by 3, and every angle of a vertex a must be 
cancelled, i.e. multiplied by 3 or 6. (★) 

We will start constructing Q with 3 triangles glued together in vertex b. The 
following steps describe the construction of Q (see Figure |22)| . The bold 
lines indicate exterior sides for the polygon. These bold lines are added 
when we cannot expand the angle between them. 




Figure 22: Steps of the construction of Q 

Step 1: Cancelling the angle of vertex a by adding triangles 1 and 2. We 
cannot enlarge the angle of vertex a to 2n because of the existence of an 
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exterior side in triangle 0. Hence, we have an exterior side in triangle 
number 2. Steps 2 and 3: The broken lines form an angle of jg, k \ 15 with 
one of the bold lines. Therefore, these sides must be internal, otherwise, Gq 
(the group generated by reflections of the sides of Q) will be the same as Gp 
(D15) and not as we required (D5). Moreover, the side touching vertex a is 
external according to ★. Step 4: Fixing the angle ^ of vertex a to be n by 
adding triangle number 3. The new bold lines are added since we cannot 
enlarge the angle of vertex b according to (★). Steps 5+6: Repeating step 
4 - adding triangles to fix the angles of the vertices a to be n. 
At that point, the construction of Q is complete, since all of its sides are 
exterior. According to Propositions 13.91 and 13.101 Q determines a lattice 
surface. Therefore, it is not an appropriate cover of Mp. 
Up to this point we have shown that there is no appropriate cover of the 
first class (as mentioned in page 12). Now, we will examine the possibility 
of finding an appropriate cover of the second class. 

According to Lemma 15.71 the points corresponding to vertices a and c are 
non-periodic. Since the branch points of the cover can arise only from the 
vertices of P, the only periodic point in Mp, which Mp can be branched over, 
is the singular point corresponding to vertex cm P. Following Proposition 
13.91 the cover n : Mj — > Mq will branch over the singular point of Mp if 
and only if P has an angle k ■ < 2n with k \ 15. Therefore, for such an 
appropriate cover, P must have an angle 2 • ?| or 4 • jg. Since 4 • ?| > n, 
any polygon Q tiled by P will have this angle as well. In that case, Nq — 15, 
and Gq will not be isomorphic to D5 as required. Hence, if there is an 
appropriate cover of the second class, P must have the angle 2 • . But, 
in that case, any polygon Q tiled by P, will have an angle of the form 
k - 2 ■ < 2n, i.e. Q will have an angle 2 • or 4 • . As in the previous 
case, Nq = 15 so it will not yield an appropriate cover. 

c) P is the acute scalene triangle with angles (22, j, 

Denote the vertices of P by a, b and c as in the proof of Lemma \57\ Mp is a 
surface of genus 3 with 2 singular points corresponding to vertices a and c 
(see Figure |3l surface 3). Therefore, if there is an appropriate cover it must 
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be branched over a regular point corresponding to a vertex b. By Lemma 
15.11 in that case, Gq must be isomorphic to D3 (the dihedral subgroup of 
Gp which fixes the points in Mp corresponding to vertex b). This implies 
that all the vertices in Q must be of the form ^ . In particular, every angle 
of a vertex c in Q must be multiplied by 3. For a vertex a, we can achieve 
this form if we multiplied the angle by 3 or 6. According to Proposition l3.9[ 
multiplying by 6 will lead to a branching over a singular point (periodic). 
Hence, every angle of vertex a must be multiplied by 3 in Q. (★) 
We will start constructing Q with 3 triangles glued together in vertex c. As 
before, the 2 bold lines indicate external sides (occur when we cannot en- 
large the angle at the vertex). The following steps describe the construction 
of Q (see Figure |23l. 



a 




Figure 23: Steps in the construction of Q 

Steps 1 and 2: The broken lines form an angle of k \ 9 with one of the 
bold lines. Therefore, these sides must be internal. Otherwise, Gq (the 
group generated by reflections of the sides of Q) will be isomorphic to D9, 
and not isomorphic to D3 as required. Hence, we added triangles number 
1, 2, 3, and 4. Step 3: According to (★), we added triangle number 5 in 
order to expand the angle of vertex a to 3 • The new bold lines were 
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added since we could not enlarge the angle of vertex c (following (★)). 
Step 4: Repeating step 3 - adding triangle number 6 in order to fix the angle 
of vertex a. Step 5: In each vertex a we have an angle of 3 • ^ which we 
cannot expand according to (★). Therefore, we add the bold lines. 

At that point we have a polygon Q which we cannot enlarge, since all its 
sides are exterior. According to Propositions 13.91 and 13.101 Q determines a 
lattice surface. Therefore, it will not yield an appropriate cover of Mp. 

Up to this point we have shown that there is no appropriate cover of the 
first class (as mentioned in page 12). Now, we will examine the possibility 
of finding an appropriate cover of the second class. 

According to Lemma 15.71 the points corresponding to vertex b are non- 
periodic. Since the branch points of the cover can arise only from the 
vertices in P, the periodic points in Mp, that Mp- can be branched over, are 
the singular points corresponding to vertices a and c. 

(*) Notice that Mp- cannot be branched over the singular point correspond- 
ing to vertex c. If so, following Proposition |3.9[ P will have one of the angles 
2 • ^ or 4 • . In both cases, for any polygon Q tiled by P, Nq = 9 as opposed 
to the requirement that Nq = 3. In particular, according to Proposition l3.9l 
all the angles of the vertices c in P must be ^ or 3 ■ Also, according to 
Proposition |3.9l since we want Mp- to branch over periodic points in Mp, all 
the vertices in P, corresponding to the angle |, have to appear with angles 
^, n or 2n. 

We will try to construct a suitable P for such an appropriate cover. Since we 
are interested in a polygon Q, tiled by P, such that Mq is branched over a 
single non-periodic point, we must have a vertex with angle § in P. Hence, 
we will start the construction of P with triangle number 1 with two external 
sides (as described in Figure l24|). The following steps were taken: 

Step 1: The only way to continue is by adding triangle number 2. Step 
2: According to (*), each vertex c can appear in P with angle ^ or 3 • ^ . 
Therefore, we add triangle number 3 with an external side. 

For the next step, we will explain why the side of triangle number 2 must 
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be external in P. We have started the construction of P with an angle ^ in 
order to multiply this angle to be with k > 1 and (k, 3) = 1 in Q. That 
is, for having the wanted branching of the cover n : Mq — > M-p. Hence, to 
find a suitable polygon Q, we have to reflect with respect to at least one of 
the sides of that angle. We cannot reflect with respect to side B (since the 
angle at vertex c greater than n). Therefore, we must reflect with respect to 
side A. Recall that all of the angles in Q must have the form Reflection 
with respect to the side A, multiplies the angle at vertex a. If that angle is 
k ■ ^ with k > 3, than according to Proposition 13.91 such a reflection will 
cause a branching over a singular point in Mp. Therefore, we cannot allow 
expansion of the angle of vertex a. 

Step 3: Adding the bold line for an external side in triangle number 2. 
Step 4: Fixing the angle ^ of vertex b to n by adding triangle number 4 
(following (*). 




Figure 24: Steps in construction of P 

According to Propositions 13.91 and I3.10|) , the polygon in the last step has 
the lattice property. We will show that on one hand, this polygon does not 
yield an appropriate cover, and on the other hand, we cannot enlarge P to 
get an appropriate cover. 
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In the last step, the angle of vertex a is 2 • ^ . Since all the angles in Q must 
be of the form we need to reflect at the sides of this angle twice. Since 
the angle of vertex c is greater than n, we can reflect just once. Therefore, 
this polygon P will not yield an appropriate cover. 

On the other hand, as described in Figure [25J we cannot enlarge P. If we 
add triangle number 5, we must add triangle number 6 as well (according 
to (*)). In that case, as we explained before, we cannot reflect in the sides 
of vertex a twice. Hence, it will not yield an appropriate cover. 




Figure 25: Continuing the construction of P 

6. P is an obtuse triangle with angles (j^, 2, (2 "~ ; 3)7T ^, n > 4. 

a) If n is even: All the points in Mp (see Figure |26l) corresponding to vertices 
in P are fixed points of the rotation by n. Therefore by Lemma [5~4] these are 
periodic points. Since we want a single non-periodic branch point, there is 
no appropriate cover. 




Figure 26: Ward's star for n=6 
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b) If n is odd: Following Remark [3T8l Np - 2n ==> Nq \2n. By Lemma 15^61 if 

(2.n— 3)7i 

there is an appropriate cover, Nq must be odd. Hence, since 3 • 2n > In, 
all the angles in Q which correspond to the obtuse angle in P, must be 
2 • ^"2^" = • Consequently, Nq = n, and Gq = D„, and each angle 

2 • ^"2^" m Q m ust be delimited by 2 external sides (since we cannot expand 
it). (*) 

According to Lemma 15.41 the center of Mp (see Figure HI surface 5) is a 
periodic point, since it is a fixed point of the rotation by n. According to 
Lemma l5^7l the points C\ and Ci (marked in Figure[3]) are non-periodic points 
in Mp. Therefore, if there is an appropriate cover, it must be branched over 
one of the points C\ or Ci. 

(★) Notice that, considering Remark |5.2j since C\ and C2 are not fixed points 
of the reflections with respect to the broken lines in Figure|3 these reflections 
should not be in Gq. Therefore, these sides must be internal in Q. 
In the beginning we will examine the first class of appropriate covers (as 
mentioned in page 12), i.e. a branch cover n : Mq — > Mp, where the branch 
locus is a single non-periodic point in Mp {c\ or C2). 

According to (*), we will start the construction of Q with an angle 2 • ^ 2 " 2n 3 ^ 
with two external sides. There are two options for such a beginning, as 
described in Figure l27l 



Figure 27: Two options to start the construction of Q 

According to (★), the right option cannot be contained in Q. Therefore, 
we will start the construction with the left option, under our requirements, 
step by step as described in Figure |28l 

Step 1: According to Propositions 13.91 and 13.101 the polygon we started 



43 



with has the lattice property. Therefore, we have to enlarge it. Without 
loss of generality we add triangle number 1. Step 2: Following (★), the 
broken line indicates a side which must be internal in Q. Therefore, we add 
triangle number 2. At that point, according to Proposition |3.9l the angles 
of vertices a and C\ will lead to a branching over the points corresponding 
to the center of Mp and u. Since we are interested in branching over a single 
non-periodic point, we must continue the construction. Without loss of 
generality we add triangle number 3. Again, following (★), the broken line 
indicates a side which must be internal in Q. Therefore, we add triangle 
number 4. Now, following Proposition [3T9J we have a branching over two 
different points, c\ and in Mp. Since both vertices u and v are delimited 
by 2 external sides, we cannot fix the angle to prevent the branching over 
one of these points. Hence, we cannot find an appropriate cover of the first 
class. 




Figure 28: Steps of the construction of Q 

It remains to examine the second class of appropriate covers. We need to 
construct a polygon P, such that Mp is branched only over periodic points 
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in Mp, i.e. the center of Mp or the singular point. According to Proposition 
13.91 the cover will be branched over the singular point if and only if P will 
have an angle k ■ with k \ 2n. Since 3 • ^p7z > 2n, there will not be 

a branching over the singular point. Therefore, for such a polygon P, Mp 
must be branched over the center of Mp, corresponding to the angle ^ in P. 
Hence, according to Froposition l3.9l P must have an angle k ■ £■ with k \ In. 
Such an angle cannot appear in P without a branching over a non-periodic 
point, as described in Figure|29j If k > 3, then P contains the left polygon in 
Figure |29] (the sides are marked as external in the figure because of formula 
*). According to Proposition 13.91 since the angle of vertex u is 2 • 2 with 
odd n, there will be a branching over a non-periodic point. Hence, we have 
to fix that angle. Since one of the sides of this angle is external, we can fix 
it only by adding triangle number 1. In that case, we have 2 external sides 
with an angle greater than n. Hence, each polygon Q tiled by P will have 
these external sides as well, which contradicts (★). Therefore, the other side 
of the angle of vertex u must be external as well. In that case, the cover 
n : Mp — > Mq is branched over a non-periodic point. Consequently, there 
is not appropriate cover of the second class neither. 




u 

Figure 29: Steps of building Q 
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7. P is the obtuse triangle with angles (—, | , rjj). 

Here N P = 12. Remark l3~8l implies that N Q e {2,3,4,6,12}. According to 
Corollary 15.61 if there is an appropriate cover n : Mq — » Mp, then Nq must 
be odd. Consequently, Nq must be 3. That means that all the angles of vertices 
in Q are of the form |n. Hence, the angle j^tc in P has to be multiplied by 4n. 
Since 4 - > 27i, there is no appropriate cover. 

8. P is a L-shaped polygon: All the points in Mp corresponding to vertices in P are 
fixed points of the rotation by n. Hence, by Lemma [5.41 these are all periodic 
points. Since we looking for a cover with a single non-periodic branch point, 
there is no appropriate cover. 

9. Bouw and Moller examples (See [BM| for a description): 

• 4-gon with angles ^, 2n ) for n - 7 and odd - 

• 4-gon with angles y j, ^ 5n ~^ )n ^ for n > 5 and odd. 

For each of the polygons above, Np = 2n. Since ( 4n ~^ n anc [ ( - 3n ~^ >n are even angles 
greater than n, any polygon Q tiled by P (one of the polygons above) must have 
these angles as well. Therefore, Nq must be even. Corollary 15.61 implies that 
there is no appropriate cover for those examples. 

10. P is a square-tiled polygon: 

Consider the following theorem by Gutkin and Judge |GJ2| : A surface M is tiled 
by parallelograms if and only if T(M) is arithmetic. Since any arithmetic group is a 
lattice, this theorem proves that all the square-tiled surfaces are lattice surfaces. 
If M is a square-tiled surface, then every surface M, which covers M, is also 
a square-tiled surface, hence a lattice surface. Therefore, we cannot have an 
appropriate cover in this case. 
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